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THE APPLICATION OF SECULAR PERTURBATION THEORY TO
EXPLAIN WARPING IN THE CIRCUMSTELLAR DISK OF BETA PICTORIS

By
Steven J. Novotny
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Chair: Stanley F. Dermott
Major Department: Astronomy

This research is a numerical investigation into the dynamical influences of planets on
the dust disks surrounding young main sequence stars. Motivating this research effort are
the observations of the Beta Pictoris circumstellar disk made by the UF Department of
Astronomy’s mid-IR team. These IR images show with unprecedented clarity the features
and asymmetries of the inner, < 100 AU, portion of the Beta Pictoris disk; the most
interesting of which is the dramatic warping of the disk’s mid-plane. Analyses of prior
observations have suggested that the features are attributed to the presence of a planet
or a planetary system. Past dynamic analysis has focused primarily on the presence of a
single planet and the resulting perturbations on the dust disk through hydrodynamic or
N-body analysis. This research will show that the type of features observed in these images,
specifically the warping of the disk, can also be explained with a system of two (or more)
planets and secular perturbation theory while using more plausible assumptions than did

other models.
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CHAPTER 1
INTRODUCTION

1.1 Motivation

As of 18 December, 2002, the discoveries of 102 exosolar planets have been claimed
(Schneider, 2002). These planets exist in 88 planetary systems, 11 of which are multiple
planet systems. All have been detected through careful observations of dynamical effects
with the vast majority detected through stellar radial velocity measurements (Perryman,
2002). Radial velocity measurements are made by observing the doppler shift in the radiated
light from a star. The shifts in wavelength result from the gravitational perturbation of
a planet on the star around which it orbits. Using indirect methods, such as observing
the effect of a planet on its central star instead of the planet itself, is necessary as current
technology has not yet allowed direct observation of an exosolar planet. Current direct
detection methods with the necessary resolution and sensitivity are not yet in operation.

Several projects are underway to develop the capability to make direct detections of ex-
osolar planets. The most significant of these projects include NASA’s Space Interferometry
Mission (SIM), the Terrestrial Planet Finder (TPF), and ESAs Infrared Space Interferome-
try Mission (IRSI). All of these systems will use interferometry to achieve the high angular
resolution needed for planetary detection. Interferometry uses the interference of light as-
sociated with the observations from two or more different detectors. The goal of designing
an interferometer is to have the greatest possible baseline (the distance between the compo-
nent detectors) as the angular resolution achieved with the instrument is a function of the
baseline distance. SIM is a space based optical interferometer with a ten meter baseline and
is scheduled for launch in 2009. The final design for TPF will be decided in 2006 and the
launch date is somewhere between 2012 and 2015. The IRSI is the most ambitious project
and currently plans to utilize six different space telescopes providing an effective baseline

of 60 meters and is expected to launch around 2014. Though these projects will provide




great capability, they are all still far from being operational. At this point, the observation
of individual planets is still out of reach with current instruments, and thus the indirect
methods such as radial velocity measurements and observing brightness variations are still
required.

Recent observations of circumstellar disks have provided another possibility for plane-
tary detection. One example is the disk surrounding the star HR4796A which was resolved
in the mid-IR (Telesco et al., 2000). The nearly edge-on view of this disk showed a double
lobed feature that exhibited a possible overall asymmetry in brightness between the two
lobes (Wyatt et al., 1999). This asymmetry was interpreted as the disk being offset from
the central star. As will be diséussed later, the measurement of this asymmetry was used
to make assertions about the possibility of the disk being influenced by the presence of a
planet. Another example is Beta Pictoris — the most well studied of all circumstellar disks.
Beta Pictoris is an approximately 20 Myr old main sequence star with a disk that is large
(~ 1000 AU), bright, and viewed nearly edge-on. Even more interesting than the size and
brightness of the Beta Pictoris disk are the large and small-scale asymmetries and features
observed in the morphology of the disk — the most interesting being the warping of the
inner disk.

The mid-plane warping of the disk is interesting as it is arguably the distinct signature
of gravitational perturbations. Several models have been developed to explain the source
of these perturbations. The most in-depth work has been based on the assumption of a
close encounter with another star (Kalas et al., 2000), or the presence of a single planet
on an orbit inclined to the plane of the disk (Augereau et al., 2001). These models do in
fact account for warping in the model disks, but there are several unresolved issues. First,
there is no observed star that meets the necessary criteria of proximity and proper motion
to match the fly-by star. Second, there is no clear explanation as to why a single planet
would be in an orbit with a significant inclination to the disk from which it formed. Current
theories of planet formation assert that planets form from the disk material and therefore,
without outside perturbations, should be nearly coplanar with the disk.

An alternative approach in investigating the source of the warping is based on a mech-

anism that explains the observed warping in the zodiacal cloud of our own solar system




— secular perturbations from the planets. Secular perturbations are long term effects that
are the result of the combined gravitational perturbations of planets. Secular perturbations
manifest themselves as a contribution to the osculating orbital elements of the individual
dust particles that comprise the disk. More simply stated, this approach is based on the
premise that the cumulative effects of gravitational perturbations, on long timescales, will
play a significant role in determining the observed characteristics of a dust particle’s orbital
trajectory, and hence the morphology of the disk. In this research a second order expan-
sion, in inclination and eccentricity, of the disturbing function is used to calculate these
forced components. The theoretical framework for determining these values is provided
and discussed in chapter 3.

To support the theory of secular perturbations being the dominant influence on the
morphology of a disk, such as that of Beta Pictoris, it necessary to show that the conditions
within the disk are conducive to this process. For this research, this is done by determining
the timescales associated with each of the physical processes expected to be occurring in
a disk with the attributes observed for Beta Pictoris. Some of the physical processes con-
sidered include the Poynting-Robertson drag, collisional destruction, and gas drag. These
processes are dependent on characteristics of the star/disk system such as the star’s lumi-
nosity, the particle density within the disk, and the gas content respectively. These effects
and the associated analyses are explained further in chapter 2.

The following section provides brief examples of observed asymmetries in circumstellar
disks and discusses how secular perturbation theory can be used to explain the observed

features.

1.2 Observed Asymmetries in Circumstellar Disks

Indirect methods for determining the presence of a planetary system are still, by far, the
most commonly used in the search for exosolar planets. However, when we are able to resolve
the disk and characterize the details of the morphology, we have the rare opportunity to
probe the dynamics of the material within the disk and the dynamical influences of a planet
or planetary system. Two such examples are the disks surrounding the stars HR4796A and

Beta Pictoris. These systems are well suited for the application of secular perturbation




theory as the disks surrounding theses stars have arguably existed long enough for secular
effects to have influenced the entire disk.

When looking for dynamical influences on secular timescales, there are two key observ-
able features: pericenter glow and mid-plane warping. As will be discussed next, pericenter
glow is the result of a disk being offset from the star due to the eccentricity imposed upon
the orbits of the disk’s dust particles by a perturbing planet. Similarly, warping will be
shown to be the result of an imposed inclination.

Essential for understanding secular perturbation theory is the idea that the observable,
or osculating, orbital elements of a dust particle within a disk are a combination of forced
and proper elements. The forced elements are associated with the gravitational perturba-
tions from the planets and the proper elements are associated with the trajectory of the

particles at the time they were created. This will be described in detail in chapter 3.

1.2.1 Pericenter Glow

The phenomenon of pericenter glow was investigated by Wyatt et al. (1999) in an effort
to explain the brightness asymmetry in HR4796. This work was motivated by Telesco et al.
(1999) who identified the 5.9 + 3.2% brightness asymmetry in the double-lobed structure of
the disk. This double-lobed structure was considered to be the result of viewing the disk
nearly edge on — tilted approximately 13 degrees to the line of sight.

Wyatt et al. proposed that the secular perturbations of a single massive planet imposed
a forced eccentricity upon the individual particle orbits, such that the overall disk’s center
of symmetry was offset from the central star. This offset resulted in one portion of the
disk being closer to the star, and thus hotter and brighter. This difference resulted in the
observed brightness asymmetry. Detailed modeling showed that a forced eccentricity as
small as 0.02 could well account for the ~ 5% lobe brightness asymmetry.

Another important conclusion from the work of Wyatt et al. is that the observed dust
particles are actually a tracer of the larger bodies. By modeling the dust particles as Mie
spheres, it was determined that the particles responsible for the mid-IR flux typically have
diameters of 2 — 3 pm. However, these particles would be quickly removed from the system

due to radiation pressure and therefore cannot be primordial. This implies a source for the




smaller particles, arguably large bodies whose dynamics are dominated by secular pertur-

bations over radiation based forces.

1.2.2 Mid-plane Warping

The best example of a directly observed warp in a circumstellar disk is in that of Beta
Pictoris. Since its initial IR imaging by Lagage and Pantin (1994), warping of the inner disk
(< 100 AU) was apparent. One of the best characterizations of the mid-plane warping was
accomplished by Heap et al. (2000) who imaged the disk with the Space Telescope Infrared
Spectrograph (STIS) on the Hubble Space Telescope. Their observations indicated warping
that extended out to ~80 AU and reached a maximum amplitude of ~1.5 AU. In addition
to clearly showing the warping, they quantified the warp by illustrating how it could be
well modeled as the superposition of two concentric disk-like components, one inclined to
the other by ~ 3 degrees. As will be discussed later, several dynamical explanations were
proposed to explain the two component model.

More recent imaging of Beta Pictoris (Weinberger et al. 2003, Wahhaj et al. 2003)
indicated additional warping of the inner region of the disk (< 20 AU) which was not
observed by Heap et al. Furthermore, the inner disk warping was opposite in direction
to the large scale warping observed in the STIS images. As will be discussed later, this
additional warping further complicates the models based on a single planet.

Within this work it will be argued that mid-plane warping is the result of a mechanism
similar to that which causes pericenter glow. Whereas an imposed forced eccentricity causes
the disk to be offset from the central star, an imposed forced inclination causes warping.
This phenomenon has been observed and studied for the solar system’s zodiacal cloud (Der-
mott et al., 2001). The general idea behind warping is that a system consisting of multiple
planets will impose a forced inclination upon the orbits of dust particles in a way that is
dependent on semi-major axis. Furthermore, the forced inclination defines the planes about
which the perturbed particle orbits precess. Since the forced inclination defines the dust
particles’ mean orbital planes and since the forced inclination varies with semi-major axis,
warping occurs. Determination of the forced orbital elements arising from planetary per-

turbations is accomplished through secular perturbation theory. The application of secular




perturbation theory to the mid-plane warping of circumstellar disks is discussed in detail

in the following chapters.

1.3 Dissertation Overview

The remainder of this dissertation will discuss the physics associated with the study of
the circumstellar environment and application of such models in interpreting the observed
characteristics of a complex system such as the disk of Beta Pictoris. Chapter 2 reviews the
current theories of circumstellar disk formation and the subsequent planet formation. Also
provided within this chapter, is a review of the physical processes that affect the distribution
of dust within the disk. Chapter 3 will discuss the theoretical framework for determining
the long-term effects of gravity on dust particle trajectories. This is done through a review
of secular perturbation theory using a second order expansion of the disturbing function in
eccentricity and inclination. The resulting solution in terms of the classical orbital elements
is presented. Chapter 4 explains the implications of these results with regard to the effects
on disk morphology. Special emphasis is placed on the role that a forced inclination that
varies with semi-major axis plays in determining the warping of a disk’s mid-plane. Chapter
5 reviews the observational history of Beta Pictoris starting with the initial detection of the
disk from the initial IRAS measurements of the spectral energy distribution to the most
recent high resolution images of the disk made with the Hubble Space Telescope. Also
discussed in this chapter are the theoretical models used to explain the unique features and
asymmetries indicated in these observations.

The final three chapters, chapters 7, 8, and 9, present the application of the theoretical
tools developed in previous chapters to address the specifics of observed features ~ not only
in the prior observations, but in the most recent high resolution mid-IR images of Beta
Pictoris. Also addressed are limitations to the models developed to simulate the observed
dust disk. These issues include consideration of a massive disk and the possible effects

associated with a non-spherical, or oblate, central star.




CHAPTER 2
THE CIRCUMSTELLAR ENVIRONMENT

2.1 Introduction

The circumstellar environment changes greatly over the lifetime of the star. In par-
ticular, the cloud of material surrounding stars, mostly gas and dust, undergoes great
transformations in both composition and spatial distribution. Observational evidence sug-
gests that as a normal result of the star formation process that all stars may possibly be
born with a distribution of dust and gas in the form of a disk (Beckwith, 1999). However,
over time the material is subjected to many influences that may result in the partial or
complete destruction of a well structured, easily observable disk. One example of the many
changes that occur is in the composition of the disk. When a protostar reaches the main
sequence it is estimated that all but one percent of the mass of the disk is in hydrogen
and helium gas. The remaining one percent is in the form of dust that is closely coupled
with the gas. Over time, the gas is removed and the dust continues to evolve. The dust
particles, depending on size, are generally destroyed; blown away by winds or radiation; or
are accreted onto larger objects or the central star itself. Observational evidence suggests
that most disks effectively disappear by about 10 Myr (Beckwith, 1999).

Many physical processes are involved in the transformation of composition and struc-
ture. This chapter first discusses how circumstellar disks are formed during the star forma-
tion process and then discusses the processes thought to play the greatest roles in deter-

mining the structure and content of disks.

2.2 Formation of Circumstellar Disks

The current paradigm of star formation (described by Shu, Adams, and Lizano 1987)
describes a scenario in which stars form from the collapse of slowly rotating molecular cloud

cores. The onset of the collapse is a result of a density perturbation within a cloud core.




Perturbations are generally thought to be the result of inhomogeneities within the cloud or
the result of an outside disturbance. Recent evidence from analysis of meteorites suggests
that the solar system was created when a cloud was perturbed by a nearby supernova
(Yulsman 2003). The collapse of a core leads to a protostar and a flattened disk surrounded
by an envelope of dust and gas. Theory predicts that the disk forms as a result of the initial
rotation of the cloud core and the conservation of angular momentum during the collapse.
The material in the envelope is generally removed from the system through an amalgam of
processes. These clearing processes include accretion onto the star, stellar winds, radiation
pressure, and accretion onto growing planetesimals. The planetesimals that are initially
created by mutual collisions of dust grains eventually lead to the large planet sized bodies
that populate a planetary system.

The following sections discuss in more detail the processes that lead to the formation
of the disk and its structure; the formation of kilometer sized bodies from micron sized dust

grains; and finally the formation of terrestrial and giant planets.

2.2.1 Formation and Structure of a Protoplanetary Disk

The star formation process begins in the dense regions of giant molecular clouds
(GMCs). In our galaxy, GMCs exist throughout the galaxy but are primarily found in the
spiral arms. They are cold clouds of primarily hydrogen gas that have masses ~ 10* Mg
and are gravitationally bound (Blitz and Williams 1999). Within the GMCs are smaller,
but still gravitationally bound, regions known as cores. It is from these cores that the
individual stars are likely to form. These cores have typical masses of ~ 10 M, and typical
sizes of ~ 0.1 pc (Shu et al. 1999). They are generally supported through a combination of
magnetic fields, turbulence, and gas pressure. When the mass of a core reaches a critical
value, known as the Jean’s mass, the core begins to contract and the star formation process
begins. The Jean’s mass is estimated by considering kinetic and potential energy. The
magnetic fields, turbulence, and gas pressure also play a role in determining the critical
value.

As the irregularly shaped core of dust and gas collapses and begins forming a dense

central object, the system must account for the angular momentum associated with the




original rotating core. Some material is accreted onto the central protostar but other
material retains enough of its original angular momentum to settle into stable orbits and
create a thin protostellar disk. The disk is expected to form roughly 10° yrs after the
beginning of the initial freefall collapse (Beckwith 1999).

A protoplanetary disk is an example of an accretion disk which is defined as a flattened
disk composed of material that is spiraling down onto the surface of a central mass. Through
the conservation of angular momentum, the material within an accretion disk is transported
inward while the angular momentum is transferred outward. This transport occurs as a
result of the viscous effects of the material within the disk (Kenyon 1999). As frictional
forces cause heating of material due to differential rotation, some material moves due to
net loss of kinetic energy. This motion also results in a decrease in angular momentum
and this must be balanced by outward motion of other material to conserve total angular
momentum within the disk.

The transport of material inward and angular momentum outward plays a key role in
defining the structure and evolution of the protoplanetary disk. As mass is moved inward
and accreted on to the star or possibly removed by outflows, the surface density spreads
outward (Ruden 1999). This results in a dispersal of the disk material over time.

Since it is not possible to directly image most disks, the general structure of disks
has been gleaned through analysis of the spectral energy distributions (SEDs) of star-disk
systems. SEDs show the measured flux from a source as a function of wavelength. SEDs
associated with a star surrounded by a disk show particular characteristics that clearly
confirm both the presence and the details of the disk. The SED for a star is generally that
of a black body at the effective temperature of the star. The SED for a star and a disk
will show not only the black body curve for the star, but also an excess flux in the infrared
region of the SED. This excess is associated with thermal emissions from the dust in the
disk that is heated primarily by radiation from the central star.

As the star proceeds through its early evolutionary stages, the SEDs also evolve. In
the early stages the SED is actually dominated by the original envelope of dust and gas.
As the star evolves material is accreted, is blown out by radiation pressure, or settles into a

circumstellar disk. As this occurs, the SED changes to one in which the black body curve
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of the star can be seen but is modified by a superposition of black body curves associated
with a range of dust particles at lower temperatures.

Mass estimates of disks are most commonly made through long wavelength measure-
ments (A > 300um). Typical masses for disks determined from sub-mm observations are
on the order of a few percent of a solar mass (Beckwith 1999). This fact is significant as
it is considerably higher than the mass thought necessary to form all of the planets within

our solar system.

2.2.2 Formation of Planetesimals

The initial protoplanetary disk is almost entirely (~99%) hydrogen and helium gas.
However, as the protostar evolves, the gas is removed from the disk primarily by radiation
pressure and stellar winds. During this time the dust grains, that make up the remaining
~1% of the disk, begin the process of growth to larger planetesimals.

While gas is still present within the disk, solid particles are affected by gas drag. The
effects of gas drag are dependent on the size of the particles. The smaller particles, which are
coupled to the gas, move at sub-Keplerian velocities while the larger particles, which are less
affected by the gas drag force, continue to move at near Keplerian velocities but experience
orbital decay (Ruden 1999). This results in a differential inward drift that increases the
frequency of collisions between particles. Many of these particles stick together forming
larger particles. This process marks the beginning of the growth to larger objects within
the disk.

As particles grow through collisions induced by the inward drift they also begin settling
into the mid-plane of the disk. Settling occurs because the mid-plane defines the minimum
in the vertical gravitational potential. This is described through the vertical acceleration

measured with respect to the disk, and is expressed as

zGM, 9
9z = ;" ”_2 = Q%% (2.1)

where z measures the vertical distance from the mid-plane and Q is the orbital frequency
at a given radius from the star. The above expression implies that the smaller grains, with

a longer orbital period due to the gas drag, will take the longest to settle (Ruden 1999).
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This leads to a picture in which the larger particles will settle to the disk mid-plane first
and begin the process of further growth as the mid-plane density increases. The process
is enhanced as the particles get larger and present a larger collisional cross-sectional area.
The final result of this process is a thin layer of large particles in the disk’s mid-plane.

As the particles become larger, they become less affected by gas drag and eventually
reach Keplerian orbits. This occurs when the objects have grown from small dust particles
to bodies with diameters > 1 km, generally referred to as planetesimals. As the small
particles continue to drift inward past the larger planetesimals, they are accreted on to
these large bodies and are thought to be capable of producing objects on the scale of ~ 100
km on timescales of < 10° years (Ruden 1999).

It is from this distribution of planetesimals scattered throughout the disk that planets

begin to grow through the accretion process.

2.2.3 Formation of Planets

Planetesimals distributed through the mid-plane of a disk continue to experience colli-
sions and create larger bodies. As the bodies become more massive the effective collisional
cross section increases as gravitational effects begin to become important. This effect can
be described by the gravitational focusing factor expressed as 1 + v.2/V? where V is the

relative collisional velocity. The term v, is the mutual escape velocity and is expressed as

Ve = 2G(my + ma) (2.2)

a1 + as

where m; and mg are the masses of the two bodies and a; and ay are the radii. Through this
gravitational focusing, bodies continue to grow and simultaneously increase their collisional
cross section thus enabling them to accelerate their growth.

The idea of runaway growth has been considered as a mechanism which can increase
the rate of growth for a protoplanet during the process of planet formation. Runaway
growth is the result of an increase in the gravitational focusing factor which occurs because

of the increase in mass. This occurs when the ratio of v¢2/V? becomes very large, >> 1.
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This critical ratio is driven both by the size of the planetesimal and by the relative
velocity V. The relative velocity is influenced primarily by gravitational scattering, damping
due to gas drag, and energy transfer via dynamical friction (Ruden 1999). A planetesimal
will continue to grow through this process until it has accumulated all material in what is
called the accretion zone. The accretion zone is defined by the Hill sphere which is based
on determining the equilibrium point where tidal effects from the star are balanced by the

gravity of the planet. The radius of the Hill sphere is given as

1

= r(g) 23)

3M,

where r is the distance from the star, m, is the mass of the planet, and M, is the mass
of the star. It is generally thought that the accretion zone is approximately four times the
radius of the Hill sphere (Lissauer 1993).

If a reservoir of gas exists near the forming planet, the gas will be accreted. Accretion
will occur provided a critical mass of the core is achieved. This critical mass is determined
by finding the mass at which gravity precludes hydrostatic equilibrium. This critical mass
is generally thought to be >10-15Mg (Ruden 1999). The accretion of gas onto these rocky,
critical mass cores is the process that is thought to lead to the formation of the gas giants.

Other process also occur during the planet formation process that contribute to the
structure of the planetary system. These include tidal interactions between the disk and
the planets that lead to both gap formation and planetary migration. This will be discussed

later in chapters 4 and 8.

2.3 Physical Processes Within a Circumstellar Disk

The primary physical processes which occur within a circumstellar disk that influence
the dynamics of the constituent particles are associated with gravitational perturbations,
radiation, interaction with gas, and collisions. With each of these processes is an associated
time scale that is based on environmental conditions influencing the particular process. An
analysis of the timescales is important for two reasons. First, for processes that occur on
long time scales, it is necessary to verify that the system has had enough time to fully

evolve under the influences of that particular process. Second, the timescales need to be
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compared to one another in order to see which process will dominate over others within the
disk. In general, the processes that occur on the shortest timescales will have the greatest
effect on the disk. For example, if a certain sized particle is quickly destroyed by collisions,
such as the case for micron sized particles in Beta Pictoris, the dust particles do not have
time to spiral into the star. This implies that the collisional processes will dominate and
play a significant role in influencing the distribution of these particular particles.

This section will give a brief description of each of the important processes that occur

within a circumstellar disk and discuss their corresponding timescales.

2.3.1 Gravity

The dominant influence in the circumstellar environment is that of gravity associated
with the central star. Gravitational perturbations may also come from other planets within
the system. These perturbations resulting from the secondary masses are what drive the
secular effects and will be discussed in detail in the next section. The timescale associated
with the influences of the central star is simply the Keplerian period. This is determined
from Kepler’s third law that states the square of the orbital period is proportional to the
semi-major axis cubed. This law is generally expressed as

72 = Ay (2.4)
u
where . = G(m1 +m3). This can also be expressed as a mean rate in terms of solar system

parameters, i.e. AUs and years,

27 me+m
n=— =27y —5

= - (2.5)

where m, and m are in units of solar masses, a is in AU, and n is in units of radians per

year. This can also be expressed as a characteristic timescale

tper = V/a%/(m¢ +m) (2.6)

where a is again in AUs and m, and m are in units of solar masses.
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These values of frequency and time provide a standard of measure used in evaluating

the frequency and timescales of the other processes described below.

2.3.2 Radiative Forces

All particles within a circumstellar disk interact with radiation from the central star.
The magnitude of the radiation effects is based on the characteristic cross sectional area of
a particle and its mass. For larger particles, gravity dominates over the radiative forces.
However, for smaller particles the ratio of radiative forces to gravitational forces approaches
or exceeds unity. This ratio can be expressed with the dimensionless quantity B (see for

example Gustafson 1994 and references within). The value of 8 can be expressed as

Fraa _ (So/r*)(@Qpr/c)(a/m)

IB(D) = Fgrav-— GM/’I‘2

o () (4) @)on

where Sj is the stellar flux density and c is the speed of light. Parameterizing 8 in terms of

solar values uses the constant C, = 7.6 x 105 g cm? and defines o/m as the cross-sectional-
area-to-mass ratio for a particle of diameter D and density p. The quantity Qpr is the
radiation pressure efficiency and is related to the absorption and scattering efficiencies;
QPR = Qabs + Qscq- For dust particles assumed to be homogeneous spheres, Q pr is usually
calculated from Mie theory (Gustafson 1994). Sample calculations of B as a function of
particle diameter are shown in figure 2-1. The optical properties and densities are those
of the particles considered to most likely be representative of the dust surrounding Beta
Pictoris. This will be discussed further in chapter 7.

Radiation is directed radially away from the star and therefore radiation acts to counter
the effect of gravity. This force effectively reduces the mass of the star from the perspective
of the dust particle. Equation 2.7 shows that 8 is dependent on the size of the particle
through the o/m term. This implies an inverse relationship between 8 and the particle
diameter, i.e. 8 &< 1/D. Since f is size dependent, particles of different diameter D, will see
a different potential. This means that particles with the same initial conditions of position

and velocity, but with different diameters, will move on different orbits.
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Figure 2-1: The parameter Beta in Beta Pictoris (M = 1.8Mg; L = 8.7Lg) as a function
of particle size, calculated using values for Qpg determined from Mie theory. Two different
classes of materials are shown: materials described as astronomical silicates (Laor and
Draine, 1993) and organic refractory material Li and Greenberg (1997). For this research,
these materials are the primary candidates for simulating the dust within Beta Pictoris.
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Particles can thus be grouped into different subcategories based on their 3 value. Large
particles have a 8 value that approaches zero and therefore are relatively unaffected by
radiation pressure. The smallest particles, the 8 meteoroids, have the largest 8 values,
greater than 0.5, and are quickly expelled from the system on hyperbolic orbits. Particles
that have intermediate values, 0.0 < 8 < 0.5, exist on bound but eccentric orbits and are
referred to as o meteoroids.

Particles feel another effect of radiation resulting from the component of the radiation
force tangential to the particles orbit. This force acts as a dynamic drag force and is referred
to as Poynting-Robertson (PR) drag. PR drag acts to decrease both the eccentricity and
the semi-major axis in a manner proportional to 8 (Burns et al. 1979). This drag force
causes the particle, initially at r;, to spiral toward the star and reach a distance 72 on

timescales that are a function of 8 (Wyatt et al. 1999):

tpr = 400 (J]‘ér@) [(%;)2 - (%)Z] /B (2.8)

where tpg is in years. It is important to note that tpg is inversely proportional to 8 and

therefore proportional to the particle size, D, as this effect further differentiates the behav-

ior of particles based on size.

2.3.3 Collisions

Collisions play important roles in the circumstellar environment as they provide mech-
anisms for both creation and destruction of dust particles. Based on collisional models of
dust in disk environments, the size distribution of particles is rather steep, i.e. there are
many more small particles than large particles. Due to the steep size distribution expected
for particles in the disk environment, the surface area of the disk is dominated by the smaller
particles (for a thorough discussion see Wyatt et al. (1999)). These particles, however, may
have lifetimes associated with radiation effects that are much shorter than the age of the
disk, i.e. these particles cannot be left over from the original formation of the disk. This
condition necessitates a source through which these particles can be replenished.

The timescale associated with the destruction of the dust particles is based on the

assumption that a typical particle size of the emitting dust can be determined. The typical
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size is based on assumptions about the particles responsible for the majority of the cross
sectional area observed at a particular wavelength. This is estimated by considering both
number density and the physical cross-section of the particle. In terms of this typical

particle size, Wyatt et al. (1999) provided an expression for the collisional timescale as

tcoll(Dtypa ’I") = tper("')/47r7'eff (r) (2-9)

where Dy, is the characteristic size of the particles responsible for most of the disk’s cross
sectional area. The optical depth can be thought of as a measure of the total material in
a particular line of sight modulo the effects of absorption and scattering properties of the
dust. These optical properties are quantified by the extinction coefficient. The effective
optical depth in the above expression is the face-on optical depth of a disk observed if the
extinction coefficients for the particles are equal to 1. The face-on optical depth can be

estimated observationally by considering the simplified relationship (Wyatt et al. 1999)
Fy(\ 1) = Tefs ()b By (X, Diyp, 7)Qabs (A, Deyp) (2.10)

which relates the flux density received at earth, F,, at a given wavelength, A, from a particle
with a Planck function of B,, at a distance r from the star, and with characteristic size
Dyyp. The observational solid angle is related to the detector pixel size, ) ~ dpizQ, and the
absorption coefficient of the typical particle is Qqps. Since disks are unlikely to be observed
directly face-on, projection effects must be considered to transform 7.5 into a face-on 7¢yy.

Once the face-on or normal optical depth is determined, the collisional timescales can be

estimated.

2.3.4 Other Forces

The circumstellar environment is very complex and has many other factors, besides the
ones already mentioned, that influence the dynamics of the dust particles within the disk.
The effects that often play significant roles in this environment are briefly described below
along with the justification for not émphasizing their impact on the modeling performed in

this research.
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Stellar wind effects

The stellar wind will interact with the dust particles in two primary ways. First,
because the dust particles are charged and because the winds carry with them a magnetic
field, a Lorentz force arises. The Lorentz force is a function of the overall charge of the
dust particle and the strength of the interacting magnetic field. Second, actual collisions
between the dust particles and the protons comprising the wind give rise to an additional
drag component (see Gustafson (1994) for example).

Stellar winds are thought to be associated with coronal holes and are thus tied to
coronal and possibly chromospheric activity. A-type stars do not possess a deep convective
zone from which high speed winds are effectively driven (Panzera et al., 1999). Since Beta
Pictoris is an A-type star and since an A-type star is expected to have little chromospheric
and coronal activity (Artymowicz 1997) the effects of the stellar winds around Beta Pictoris

are neglected in this research.

Gas drag

For very young disks in which the gas to dust mass ratio is significant, the dynamic
drag on the dust particles caused by the gas must be considered. However, Liseau and Arty-
mowicz (1997) determined from mm-wavelength observations that the overall gas to dust
mass ratio was < 0.003 and that this indicates the disk is effectively gas free (Artymowicz,
1999). Therefore, gas drag within the Beta Pictoris system was assumed to be negligible

and this effect was not considered any further in this research.

2.3.5 Conclusions on Timescales

The overall picture that emerges from this analysis for an evolved circumstellar disk is
that the smallest particles are quickly removed from the system through radiation pressure.
The medium sized particles are either removed by collisions or spiral into the star through
the effects of PR drag. The largest particles, which are responsible for the creation of
the smaller particles through collisional cascade, are affected by gravitational forces alone.

Therefore it can be concluded that, in general, the distribution of larger bodies within a




19

circumstellar disk is primarily determined by the sum of all gravitational effects within the
disk. These gravitational effects can result from the central star, other large bodies, and
possibly from the disk itself provided it has a significant mass compared to the other masses
within the system. This picture will be discussed further in chapter 7 as it applies to Beta
Pictoris.

The following chapter discusses the method of determining the combined effects of
gravity in a complex planetary system such as a circumstellar disk with multiple imbedded

planets. This will be done through the theoretical framework of secular perturbation theory.




CHAPTER 3
SECULAR PERTURBATION THEORY

3.1 Introduction

The previous chapter began to reveal the many influences that play a part in deter-
mining the characteristics of a circumstellar disk. These influences were associated with
such things as radiation-particle interaction, collisions, drag forces, etc. This chapter will
expand on the discussion by providing a summary of the theory used to describe the effects
of gravity from not only the central star, but from other planets in the system.

Generally speaking, a circumstellar disk is a flattened cloud of dust in which each dust
particle moves on an its own individual orbit. In order to understand the effects of planets
on the disk, a link must be established between the planets and the dust particle orbits.
The theoretical framework through which this is accomplished in this research is secular
perturbation theory. Secular perturbation theory is a well established approach that has
been applied extensively to problems within the solar system. In fact, analysis of the secular
perturbations arising from Jupiter and Saturn can be shown to create a forced inclination
that varies with semi-major axis, a — see, for example, Dermott et al. (1984, 1985) and
Murray and Dermott (1999). This is significant as this characteristic is the source of the
mid-plane warping that is the crux of this research.

This chapter will explain how expressions describing particle orbits can be developed by
considering the gravitational perturbations from massive bodies. The solutions that result
from this approach describe the time evolution of each of the particles orbital elements:
eccentricity, longitude of pericenter, inclination, and longitude of ascending node. A very
important concept that will be repeated throughout this discussion is that the solutions
can be broken down into two components. These components are referred to as the proper

and forced orbital elements. The proper elements are related to the initial conditions at

20
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creation of the particle under consideration. The forced elements correspond to the effects
of the perturbations and are thus linked to the planets.

The goal of this chapter is to explain the theoretical framework that produces the
forced orbital elements from a particular planetary configuration. It is the forced orbital
elements that are then used as an input to the modeling process described in the later

chapters.

3.2 Second Order Secular Perturbation Theory

Since the many-body problem in dynamics is insoluble analytically, alternatives to an
exact solution have been developed. The approach outlined here is to start with the three-
body problem and then divide the resulting potential into two components, one of which
represents the two-body central mass and the second of which represents the portion of the
potential arising from the additional masses. This second component is known as the Dis-
turbing Function. A detailed derivation of the disturbing function is presented in Murray

and Dermott (1999).

3.2.1 The Disturbing Function

Starting with the three-body equations of motion in cartesian coordinates, the accel-

eration of the secondary masses with respect to the central mass can be expressed as

7 = V(Ui +Ri) (3.1)

i = Vi(Uj +R;)

where the potential has been broken up into two components; one describing the two body

part, U, where

U = G@_:_M (3.2)
U = g (me+m;)
Tj

and one describing the portion of the potential arising from the gravitational perturbations

from the secondary masses, R. This portion of the potential is referred to as the Disturbing
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Function. For the three body problem, the disturbing function for the individual masses

can be expressed as

ri-rj

mj

;| = — Gm; 3.3
R; G — m; T? (3.3)
Rj = G —— —Gm; .

In order to handle the r; — r; terms analytically, the disturbing function is usually
expanded in terms of Legendre polynomials. Furthermore, the disturbing function can be
transformed from a form based on positions and velocities to a form expressed in terms
of the osculating orbital elements, a, €, I, A, w, and  which represent the semi-major
axis, eécentricity, inclination, mean longitude, longitude of pericenter, and longitude of the

ascending node respectively, i.e.
! 1 ! !
R= f(m7m )a7a 7e’e 7I7I 7COS¢)

where the argument of the cosine function is a linear combination of the mean longitudes,

longitude of pericenter, and longitude of ascending node. This term is expressed as
¢ = i1 X +joXd + jzw’ + jaw + 55 + j62 (3.4)

where the unprimed quantities represent the inner mass and the primed quantities represent

the outer mass.

3.2.2 The Secular Portion of the Disturbing Function

The terms within the disturbing function can be grouped together by characteristic
timescales. The three categories are short period terms, mean motion resonance terms,
and secular terms. The short period terms are dependent on the mean longitude A, and
represent effects that occur on the scale of orbital periods. The terms associated with mean
motion resonances represent effects that are also dependent on the mean longitude and
would only effect certain locations within a disk, generally at radii where the corresponding
period has a commensurability with one of the planets. The secular terms produce effects

that are felt throughout the disk and are independent of mean longitude. The independence
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of mean longitude implies that the instantaneous positions of the masses have no effect on
large timescales. For this research, long term effects that are felt throughout the disk will
be considered as the source of perturbations leading to large scale warping, and thus only
the secular part of the disturbing function will be retained.

The time variation of the orbital elements can be expressed through the use of La-

grange’s Planetary Equations:

1 0R;

€ = n_J—C;-e:an (35&)
. 1 OR;
T Thdle; E;J (3.5b)
;€5 O€j
. 1 IR
I. = — haldt'} .
7 njaﬁfj 6Qj (3 5C)
Q = __1 OR; (3.5d)

njang 0I;
This particular form of Lagrange’s equations assumes low inclination and eccentricity.
This research will consider massless test particles disturbed by an arbitrary number
of planets and the resulting effects on the large scale structure of a disk. In this case, the

disturbing function can be expressed as

1
—BI? (3.6)

R = naQ{%Aez—l-2

N N
+ ZAjeej cos(w — w;) + ZBjIIj cos(f) — Q])}

where the values of A and B are functions of mass and semi-major axis only, and are given

by

1 _

A = - ZZ;—Jaabgﬂ(aJ) (3.7a)
1m

A, = -—nz;ﬁ—a,a]bg%(aj) (3.7b)

mj

B = ——n—z ajoz] 3/2(a3) (3.7¢)

lm »D

B; = —nzga]a] 3/2(%) (3.7d)
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The value of « is determined through the ratios of semi-major axes of the test particle and

the perturbing mass. More precisely o; = a;/a if a; < a and a/a; if a; > a. Similarly,

a; = aj/a if a; < a and a/a; if a; > a. The quantities bgl/)2(a) and bgz/)z(a) are the Laplace

coefficients and are given by the following expressions

27
W) = L / cos Yy (3.8a)

3/2 mJ (1—2acos1,b+a2)§2“

2w
1e) 1 cos 29dyp

3/2(a) B %—0/(1—2ac0s1/)+a2)%' (3.80)

The form of the disturbing function presented here is to second order in inclination
and eccentricity — e2, I?, ee;, and II;. The truncation of the disturbing function limits the

analysis to small eccentricities and inclinations.

3.3 Solutions to Lagrange’s Equations

The form of Lagrange’s planetary equations shown in the previous section has obvious
difficulties when the eccentricity, e, and inclination, I, are small. To remove the singular-
ities when e and I are small, the different components can be used together in a vector

representation with the following components

: h = esinw (3.9a)
k = ecosw (3.9b)
p = IsinQ} (3.9¢)
g = Icosfd (3.9d)

These variables define the components of the eccentricity and inclination vectors and are
functions of the osculating orbital parameters — the instantaneous parameters determined

for a specific particle trajectory. Using these components of the eccentricity and inclination




vectors the disturbing function takes the form

R = na2{%A(h2 + k%) + %B(pz +4°)

N
+ ZAj(hhj -+ kkj) +

j=1

Likewise, Lagrange’s planetary equations take on the form

h

1 R
_@?_{%
1 0R
—Wﬁﬁ
1 O0R
_n—jc—zf_-a—q
1 O0R
_W_a_p__

N
> Biww; +49)
j=1
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(3.10)

(3.11a)
(3.11b)
(3.11c)

(3.11d)

Solving these equations provides solutions to the equations of motion in terms of the

components h, k, p, and g. The solutions to these equations are

k = eproper c0s(At + B) + ko(t)
p = Iproper sin(Bt+7) + po(t)

g = Iproper cos(Bt+ ) + qo(t)

(3.12a)
(3.12b)
(3.12¢)

(3.12d)

where eproper a11d Iproper are the proper eccentricity and proper inclination, or the eccentric-

ity and inclination associated with the initial conditions of the test particles. The quantities

At + B and Bt +y are equal t0 @proper and Qproper, the test particles proper pericenter and

longitude of ascending node respectively. As was stated earlier in the discussion, the two

components of the solutions are related to the two primary aspects of the problem. The

first term is related to the initial conditions of the massless particle under consideration.

The second term in each equation is associated with the perturbation and can be expressed
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as
N
ho(t) = Z - sin(g;t + B;) (3.13a)
N
ko(t) = Z cos (git + Bi) (3.13b)
T
po(t) = Z - sin (fit + ) (3.13c)
i=1
o) = —Z 57, oSt + %) (3.13d)

where g; and f; are system eigenfrequencies. Eigenfrequencies are characteristic frequencies
associated with all dynamical systems possessing internal periodicity. It is the eigenfrequen-
cies of a system that determine at which frequencies the secular resonances will occur. It
is important to remember that the form of the disturbing function considered here is trun-
cated. The resonances implied from equations 3.13a through 3.13d cause behavior that
exceeds the limitations of the second order theory. The values v and p are functions of the

systems eigenvectors and have the form
N
Vv, = Z Ajeji (3.143)
N
pi = Y Bl (3.14b)

Once again, these relationships imply that the vector components k, k,p, and ¢ consist of

two parts — the proper component and the forced component:

h = epsinwy, +essinwy (3.15a)
k = epcosw,+efcoswy (3.15b)
p = IpsinQ,+ I;sin)y (3.15¢)
g = IpcosQy+ Ifcos(ly. (3.15d)

The solutions for h, k, p, and q can be used to determine the components of the os-

culating orbital elements\— the orbital elements associated with the observable dynamics of
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Figure 3-1: Vector relationship between the components of the osculating orbital elements.
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the particle. The relationship between these components are best thought about as vector
components. This relationship can be depicted graphically through the use of a vector
diagram such as that shown in figure 3-1. This particular diagram illustrates the relation-
ship between the osculating, forced, and proper elements of eccentricity and longitude of
pericenter. A similar diagram can be constructed for inclination and longitude of ascending
node as well.

To understand the vector illustration, two important points must be understood. First,
the forced elements are a function of the perturbing planets’ masses and osculating elements.
Since the osculating elements evolve, the forced elements are also a function of time. How-
ever, for a given planetary system at a given time, the forced elements are a function of
semi-major axis alone, and therefore the vector diagram depicts the relationship between
components of the orbital elements for a particular value of semi-major axis. Second,
though the forced elements are constant for the particular value of semi-major axis, all of
the proper elements are not that simple. Though the proper inclination and eccentricity
may be constant for a particular semi-major axis value, the proper pericenter and node are
actually a distribution of values over 27 resulting from the randomization of these elements
after initial creation.

The forced orbital elements represent the influence of the perturbation by the sec-
ondary masses and are the result of performing the calculations outlined in this section.
By determining the values for the forced orbital elements, the instantaneous trajectory of
a particle can be determined provided the proper elements can be determined from the
initial conditions. From the relationships shown in equations 3.15a through 3.15d, and the

solutions shown in equations 3.13a through 3.13d, the forced elements can be expressed as

ef = 1/h3+K2 (3.16a)
Iy = \/o§+4§ (3.16b)

wy = arctan (ho/ko) (3.16¢)

Qf = arctan (po/qo) (3.16d)
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Figure 3-2: Forced orbital elements as a function of semi-major axis for a massless test
particle perturbed by the four Jovian planets. The filled circles represent the osculating
elements of the planets. a) forced eccentricity b) forced longitude of pericenter c) forced
inclination d) forced longitude of ascending node.

Examples of the calculated forced orbital elements for a massless test particle are shown in
figure 3-2, for the J2000 orbital elements given in the appendix. This set of forced elements
is based on perturbations of the four Jovian planets in the solar system. The osculating
elements associated with each planet are shown as filled circles on the plots. An important
result of the calculations is that the forced parameters are equal to the osculating elements
of the perturbing planets at the semi-major axis of the planets. Further discussion of the
physical implications of the results from secular perturbations is presented in the following
chapter. The discussion will emphasize the role the forced inclination plays on dust particle
orbits within a disk and the resulting overall morphology.

Though orbital parameters define a particle’s trajectory, a trajectory defined by the

forced orbital parameters alone does not define a true physical particle orbit. As stated
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above, the forced elements are only one part of the story. However, by examining the
forced orbital elements and trajectories determined by the forced elements alone, insight
to a system’s dynamics can be gleaned. If the forced elements are defined as a function
of semi-major axis and trajectories based on the forced elements are plotted for a range of
semi-major axes, the planes about which the particles will precess can be visualized.

The following chapter discusses the role played by the calculated proper and forced

orbital elements on the morphology of a simulated disk.




CHAPTER 4
RESULTS FROM PERTURBATION THEORY

The previous chapter discussed the formalism of secular perturbation theory. Within
the solutions presented in equations 3.15a through 3.15d the behavior of the osculating
orbital elements can be gleaned. However, the goal of this research is to understand, both
quantitatively and qualitatively, the role that the perturbations, and hence the planets, play
in defining the morphology of a circumstellar disk. The goal of this chapter is to develop a
more intuitive understanding about how the secular perturbations affect a disk, specifically
observed warping. This is pursued by first studying the details of the